Topological properties of the free topological group and the free abelian topological group on a space have been thoroughly studied since the 1940s. In this paper, we study the free topological R-vector space V (X) on X. We show that V (X) is a quotient of the free abelian topological group on [−1, 1]×X, and use this to prove topological vector space analogues of existing results for free topological groups on pseudocompact spaces. As an application, we show that certain families of subspaces of V (X) satisfy the so-called algebraic colimit property defined in the authors' previous work.
Introduction
For a topological space X, the free topological R-vector space V (X) on X is a topological vector space over R with a continuous map ι X : X → V (X) that satisfies the universal property that for every continuous map f : X → W into a topological R-vector space W , there is a unique continuous linear mapf : V (X) → W such that f =f •ι X :
The free topological group F (X) and the free abelian topological group A(X) on X are defined analogously, using similar universal properties. Since the 1940s, the topological properties of F (X) and A(X) have been thoroughly studied.
In this paper, we prove topological vector space analogues of existing results for free topological groups and abelian topological groups. Our results are based on expressing subspaces of V (X) as quotients of subgroups of A([−1, 1]×X).
For a topological space Y and its subspace X, let V (X, Y ) denote the topological vector subspace of V (Y ) spanned by the image of X, and similarly, let A(X, Y ) denote the topological subgroup of A(Y ) generated by the image of X.
Theorem A. Let X be a dense subspace of a Tychonoff space Y . Then V (X, Y ) is canonically isomorphic as an abelian topological group to a quotient of A([−1, 1]×X, [−1, 1]×Y ). In particular, V (X) is a quotient of A([−1, 1]×X) and of F ([−1, 1]×X) as a topological group.
We use Theorem A to prove topological vector space analogues of certain results of Tkachenko ([7, ).
Theorem B. If X is a pseudocompact Tychonoff space, then every continuous map f : V (X) → R extends to a continuous map f : V (βX) → R.
Theorem C. Let X be a sequentially compact Tychonoff space such that X n is normal for every n ∈ N.
As an application, we show that certain families of subspaces of V (X) satisfy the so-called algebraic colimit property defined in the authors' previous work ( [2] ). Given a directed family {G α } α∈I of topological groups with closed embeddings as bonding maps, their union G = α∈I G α can be equipped with two topologies: the colimit space topology defined as the finest topology T making each map G α → G continuous, and the colimit group topology, defined as the finest group topology A making each map G α → G continuous. The former is always finer than the latter, which begs the question of when the two topologies coincide. We say that {G α } α∈I satisfies the algebraic colimit property (briefly, ACP) if T = A , that is, if the colimit of {G α } α∈I in the category Top of topological spaces and continuous maps coincides with the colimit in the category Grp(Top) of topological groups and their continuous homomorphisms.
Recall that a family {X α } α∈I of subsets of a space is long if every countable subfamily has an upper bound, that is, for every countable J ⊆ I, there is i 0 such that X j ⊆ X i 0 for every j ∈ J.
Theorem D. Let X be a countably compact sequential Tychonoff space such that X n is normal for every n ∈ N. Let {X α } α∈I be a long family of subspaces of X. Then: (a) {V (X α , X)} α∈I satisfies ACP and colim α∈I V (X α , X) = V (X); and
It follows from Theorem D that V (ω 1 ) = colim
. Theorem D has another interesting corollary. The product L ≥0 := ω 1 ×[0, 1) equipped with order topology generated by the lexicographic order is called the Closed Long Ray. It turns out that X = L ≥0 and X α = [(0, 0), (α, 0)] satisfy the conditions of Theorem D, and consequently V (L ≥0 ) = colim The paper is structured as follows. Theorem A is proven in §2, Theorems B and C are proven in §3, and Theorem D and its applications are presented in §4.
The free topological vector space is a quotient
In this section, we prove Theorem A by establishing a more elaborate statement. Let Y be a topological space. The composite
gives rise to a continuous group homomorphism
Theorem A ′ . Let X be a dense subspace of a Tychonoff space Y , and consider the commutative diagram
. Then p and q are quotient homomorphisms of topological groups.
Before turning to the proof of Theorem A ′ , we first recall a well-known result whose proof is, alas, rarely spelled out.
PROOF. Let C (X, R) denote the space of continuous real-valued functions on X, and define ev : X → R C (X,R) by x → ev x := (f (x)) f ∈C (X,R) . The map ev is continuous, and thus induces a continuous linear homomorphism ev : V (X) → R C (X,R) . To say that X is functionally Hausdorff means that C (X, R) separate the points of X, and thus the set {ev x } x∈X is linearly independent. Therefore, ev is injective. Hence, V (X) is Hausdorff. Since V (X) is also a topological group, it follows that it is also Tychonoff.
PROOF OF THEOREM A ′ . It is clear that p and q are surjective. It suffices to show that p is a quotient, because one may take X = Y . Put N := ker p, E := A([−1, 1]×X, [−1, 1]×Y )/N, and let p : E → V (X, Y ) denote the induced continuous bijective homomorphism. We prove the statement in two steps, by first showing that E is a topological R-vector space, and then proving thatp is a homeomorphism.
Step 1. We show that E is a topological R-vector space. 
For each n ∈ N, let
Each g n is continuous. We claim that the g n are coherent, that is, g n+1|(−2 n ,2 n )×[−1,1]×Y = g n . It suffices to prove that g n+1 (s, t,
because 2j( st 2 n+1 , x)−j( st 2 n , x) ∈ ker p = N. The coherent continuous maps {g n } n∈N give rise to a continuous map g : R×[−1, 1]×Y → E. By a similar argument, it follows that g is additive in the first component, that is, g(s 1 +s 2 , t, y) = g(s 1 , t, y)+g(s 2 , t, y). 
Let a ∈ N. Then µ(a)(1) = π(a) = 0. Since E is torsion free (being algebraically isomorphic to V (X, Y )), it follows that µ(a)(q) = 0 for every q ∈ Q, and by continuity, µ(a) = 0. Consequently, N ⊆ ker µ, and so µ factors through a continuous group homomorphismμ : E → H (R, E). Using exponentiability of R once again, we obtain a continuous Z-bilinear map m : R×E → E. This shows that E is a topological R-vector space.
Step 2. We show thatp is a homeomorphism by constructing its inverse. Since E is a topological R-vector space, so is its group completion E. By the universal property of V (X), the continuous map πj |Y ×{1} : Y → E factors through a unique continuous homomorphism of topological vector
In order to prove that ϕp(e) = e for every e ∈ E, it suffices to show that ϕpπj(x, 1) = πj(x, 1) for every x ∈ X, because E is spanned by the image of πj |X×{1} as a vector space.
ϕpπj(x, 1) = ϕpj(x, 1)
This completes the proof.
Since A([−1, 1]×X) is a topological quotient group of F ([−1, 1]×X), Theorem A follows.
Free topological vector spaces on pseudocompact spaces
In this section, we prove Theorems B and C. We first recall two analogous results for free topological groups by Tkachenko. Let X be a countably compact Tychonoff space such that X n is normal for every n ∈ N.
(a) If X is sequential, then so is F (X).
(b) If X n is a k-space for every n ∈ N, then F (X) is a k-space.
Combining Theorem 3.1 and A yields the following result, which contains Theorem B.
Theorem B ′ . If X is a pseudocompact Tychonoff space, then: PROOF. (a) Consider the following commutative diagram, with i and j the natural continuous bijective homomorphisms:
By Theorem A ′ applied to the pair (X, X) and (X, βX), the maps q and p are quotients. Since X is pseudocompact, so is 
Therefore,
is a topological isomorphism ([8, 2.6.1]). Hence, j is a topological isomorphism too.
, which in turn is a quotient of F ([−1, 1]×X). Similarly, V (βX) is a quotient of F ([−1, 1]×βX). Thus, by part (a), one obtains the following commutative diagrams with π i being quotients:
Let f : V (X) → R be a continuous map. Then f π 1 : F ([−1, 1]×X) → R is a continuous map, and by Theorem 3.1, it extends to a continuous map f ′ : F ([−1, 1]×βX) → R. Since π 2 is a quotient map, it suffices to show that f ′ is constant on the cosets of ker π 2 . To that end, let x, y ∈ F ([−1, 1]×βX) be such that y = xz, where z ∈ ker π 2 . Since F ([−1, 1]×X) is a dense subgroup of F ([−1, 1]×βX) and the natural continuous homomorphism V (X) → V (βX) is an embedding, ker π 1 = F ([−1, 1]×X)∩ker π 2 is dense in ker π 2 ([6, 1.17]). Thus, there is a net {x α } in F ([−1, 1]×X) such that x α → x and there is a net {z α } in ker π 1 such that z α → z. Therefore,
Hence, f ′ factors through a continuous map f : V (βX) → R that extends f .
Combining Theorems 3.2 and A yields the following result.
For sequential spaces, countable compactness and sequential compactness are equivalent ([3, 3.10.31]). Consequently, in part (a) of Theorem C, the condition that X be sequentially compact is not stricter than the conditions in Theorem 3.2(a).
PROOF OF THEOREM C. We show that [−1, 1]×X satisfies the conditions of Theorem 3.2. Since X is sequentially compact, so is [−1, 1]×X ([3, 3.10.35]). In particular, [−1, 1]×X is countably compact. Let n ∈ N. Since X is sequentially compact, so is X n for every n ∈ N ([3, 3.10.35]). Thus, X n is countably compact, and in particular, it is countably paracompact. This implies that 
Applications
In this section, we present the proof of Theorem D and two applications.
Theorem D. Let X be a countably compact sequential Tychonoff space such that X n is normal for every n ∈ N. Let {X α } α∈I be a long family of subspaces of X. Then: (a) {V (X α , X)} α∈I satisfies ACP and colim α∈I V (X α , X) = V (X); and (b) if each X α is compact, then colim α∈I V (X α ) = V (X).
PROOF. (a) As noted earlier, countable compactness and sequential compactness are equivalent for sequential spaces ([3, 3.10.31]). Thus, by Theorem C(a), V (X) is sequential, and in particular, it is countably tight ([3, 1.7.13(c)]). By a special case of [2, 2.3] , the statement follows.
(b) Since X α is compact, the natural continuous homomorphism V (X α ) → V (X α , X) is a topological isomorphism ([4, 3.12]). Hence, the statement follows by (a).
Since ω 1 is countably compact, sequential, and Tychonoff, and ω n 1 is normal for every n ∈ N ([1, Corollary]), Theorem D has the following immediate application. The space ω 1 is not the only space known to satisfy the conditions of Theorem D. The Closed Long Ray, L ≥0 , is also countably compact, sequential, and Tychonoff, and its compact subspaces X α = [(0, 0), (α, 0)] also form a long family. It is not immediate to see, however, that L n ≥0 is normal for every n ∈ N; however, it follows from the result of Conover ([1, Theorem 2]). Therefore, we obtain a second application of Theorem D. 
